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Abstrat
We onsider N=1 supersymmetri sine-Gordon theory (SSG) with supersymmet-
ri integrable boundary onditions (boundary SSG=BSSG). We nd two possible
ways to lose the boundary bootstrap for this model, orresponding to two dierent
hoies for the boundary superharge. We argue that these two bootstrap solutions
should orrespond to the two integrable Lagrangian boundary theories onsidered
reently by Nepomehie.
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1 Introdution
In this paper we onsider the N=1 supersymmetri sine-Gordon theory with supersymmet-
ri integrable boundary onditions (BSSG). Our aim is to nd a losure of the boundary








The N=1 supersymmetri sine-Gordon model is the natural supersymmetri extension
of the ordinary sine-Gordon model. It is an integrable eld theory with innitely many
onserved harges [1℄. The S matrix of the theory was obtained in [2℄, while the integrable
and supersymmetri boundary onditions were onsidered in [3℄, but it took a while until
the most general integrable supersymmetri boundary interation was found [4℄.
As a result of integrability, the boundary sattering fatorizes, and the general solution
of the boundary Yang-Baxter equation was found in [5℄, but the onstraint of supersym-
metry was not imposed. Nepomehie was the rst to onsider supersymmetri boundary
sattering [4℄, building on previous results obtained in the ase of supersymmetri sinh-
Gordon theory [6℄. However, no one has exposed the full struture of the solitoni reetion
amplitude, although the results obtained in the ase of the triritial Ising model [7℄ are
losely related to this problem. Besides that, the losure of the bootstrap and the spetrum
of boundary states have not been even touhed before. Therefore our aim is to lear up
the issue of supersymmetri boundary sattering in the BSSG model and to nd the om-
plete spetrum of boundary states and their assoiated reetion fators. The main idea 
motivated by the suessful desription of the bulk sattering  is to look for the reetion
amplitudes in a form where there is no mixing between the supersymmetri and other in-
ternal quantum numbers. This means an Ansatz for the reetion amplitudes as a produt
of two terms one of whih is the ordinary (bosoni) sine-Gordon reetion amplitude, while
the other desribes the sattering of the SUSY degrees of freedom.
Within the bootstrap proedure, we onsider rst the solitoni reetion amplitudes
on the ground state and on the rst two exited boundaries. The SUSY fators in these
solutions have no poles in the physial strip, thus the masses of boundary states emerging
are the same as in the bosoni theory, however, SUSY introdues a nontrivial degeneray.
The spetrum of general higher exited boundaries is easily extrated from these results.
We determine also the various reetion amplitudes on these exited boundaries.
There are two ways to lose the bootstrap, starting from two dierent ground state
reetion amplitudes, orresponding to two possible hoies of the boundary superharge.
Both solutions lead to the same spetrum of boundary states, but the reetion amplitudes
are dierent. In one ase the reetions onserve fermioni parity, while in the other they
do not.
The layout of the paper is as follows. Setion 2 realls briey some important fats
about supersymmetri sine-Gordon theory. In Setion 3 the reader is reminded of the
supersymmetri and integrable boundary interations that an be added to the theory,
and we also disuss of the boundary superharge and derive a formula relating it to the
boundary Hamiltonian. Setion 4 gives a quik review (ontaining only the most neessary
fats) of the spetrum and reetion fators of the ordinary (non supersymmetri) sine-
Gordon model with integrable boundary onditions. In Setion 5 we present the main
results of the paper, whih is a onjeture for the spetrum and the full set of reetion
fators of the BSSG model. We onsider the breather reetion amplitudes in Setion 6
and then give our onlusions in Setion 7.
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2 Bulk SSG theory















where Φ is a real salar, Ψ is a Majorana fermion eld, m is a mass parameter and β is the
oupling onstant. The theory is invariant under an N = 1 supersymmetry algebra and
has innitely many ommuting loal onserved harges [1℄. These harges survive at the
quantum level and render the theory integrable, whih makes it possible to desribe the
exat spetrum and the S matrix.
2.1 Spetrum and bulk sattering amplitudes
The spetrum onsists of the soliton/antisoliton multiplet, realizing supersymmetry in a
nonloal way, and breathers that are bound states of a soliton with an antisoliton.
The building bloks of supersymmetri fatorized sattering theory were rst desribed
in [10℄, using an Ansatz in whih the full sattering amplitude is a diret produt of a part
arrying the SUSY strutures and a part desribing all the rest of the dynamis. The full
SSG S matrix was onstruted in [2℄.
The supersymmetri solitons are desribed by RSOS kinks Kǫab (θ) of mass M and ra-
pidity θ, where a, b take the values 0, 1
2
and 1 with |a−b| = 1/2, and desribe the supersym-
metri struture, while ǫ = ± orresponds to topologial harge ±1 (soliton/antisoliton).










































i.e. the tensor struture of the sattering amplitude fatorizes into a part desribing the
SUSY struture (whih we all the SUSY fator) and another part orresponding to the
topologial harge (the bosoni fator).
3















Γ((2l − 1)λ− λu
π


























++ ; u = −iθ , (4)
while the SUSY fator is idential to the S matrix of the triritial Ising model perturbed

















































































































































Γ (k − 1/2 + θ/2πi) Γ (k − θ/2πi)
Γ (k + 1/2− θ/2πi) Γ (k + θ/2πi)
As the SUSY fator has no poles in the physial strip, the solitoni amplitudes (3) have
poles at exatly the same loations as the sine-Gordon soliton S matrix. These orrespond
to bound states (breathers) Bn of mass
mn = 2M sin
πn
2λ
, n = 1, . . . [λ] .
The S matrix of the breathers was rst found in [9℄. The breathers form a partile multiplet
omposed of a boson and a fermion, on whih supersymmetry is represented in a standard
way [10, 11℄.
For the ordinary sine-Gordon theory, the orrespondene between the Lagrangian the-
ory and the bootstrap S matrix (4) is very well established. There is muh less evidene
for the orretness of the S matrix (3) as the sattering amplitude of SUSY sine-Gordon
theory. Besides the original onstrution [2℄ (based on arguments related to N = 1 super-
symmetri minimal models), another indiation is that at a partiular value of the oupling
β where it is expeted to have a restrition to the SUSY version of Lee-Yang theory (su-
peronformal minimal model SM (2/8) perturbed by the relevant superonformal primary
1
Note that the relation between the parameter λ and the oupling β is dierent from the sine-Gordon
ase.
4
eld Φ (1, 3), whih is equivalent to Virasoro minimal model M (3/8) perturbed by the
primary eld Φ (1, 5)), the rst breather supermultiplet has the same sattering amplitude
as predited from RSOS restrition of imaginary oupled a
(2)
2 Toda theory in [12℄ (see also
[13℄).
2.2 Bulk SUSY harges
The bulk theory has two supersymmetry harges of opposite hirality Q and Q̄, whih
together form a Majorana spinor. They at on one-partile states |Ai(θ)〉 in the following








where mi are the partile masses and Q, Q̄ are matries satisfying
Q2 = 1 , Q̄2 = 1 .












(we omit the upper index ǫ, as the SUSY
ation does not depend on the topologial harge), the supersymmetry algebra is repre-






0 i 0 0
−i 0 0 0
0 0 1 0










0 i 0 0
−i 0 0 0
0 0 −1 0

















1 0 0 0
0 1 0 0
0 0 −1 0





desribes the SUSY entral harge in the above basis. This is not to be onfused with
the topologial harge T of the sine-Gordon solitons, whih is represented by the upper
indies ǫ. Z an take the values 0 or ±1, and it distinguishes between solitons/antisolitons
mediating from odd to even and from even to odd vaua of the bosoni potential [14℄ (this
means that using the terminology of [15℄ the theory is 2-folded).
The above representation of SUSY desribes BPS saturated objets. There was a
ontroversy in the literature whether the solitons in SSG are BPS saturated, sine N = 1
SUSY does not protet their mass from aquiring radiative orretions. However, it was
shown in [16℄ that they remain BPS saturated at one-loop and probably to all orders, due
to anomalous quantum orretions to the lassial formula for the entral harge Z.
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0 1 0 0
1 0 0 0
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Using the denition of Γ it is possible to speify a basis of pure bosoni and pure fermioni
states for any given (xed) number of partiles. However, the omposition (oprodut)
rules of the kink states as given in (2) are not free and therefore in the boson-fermion
internal spae supersymmetry ats nonloally. The ation of supersymmetry on multi-
partile states involves braiding fators depending on Γ that are dened by the oprodut
∆ :





= Q̄⊗ I+ Γ⊗ Q̄
∆(Γ) = Γ⊗ Γ
The ation on breather states an be derived using the bootstrap, but an also be obtained
from the representation theory of the SUSY algebra. It turns out that the entral harge
Z (as well as the topologial harge T ) vanishes identially for the breathers. For further
details we refer to [10, 11℄.
3 Boundary SSG theory
3.1 Integrable and supersymmetri boundary interations











where LB(t) is a term loal at x = 0. We onsider boundary interations whih are both
supersymmetri and integrable. The ase when LB(t) depends only on the value of Φ and
Ψ at x = 0 was onsidered in [3℄, where it was found that supersymmetry and integrability






















However, this is not the whole story. The Majorana fermion in the ultraviolet limit
is desribed by the c = 1
2
Ising onformal eld theory. It was noted in [17℄ that in order
for the Majorana fermion to desribe orretly the boundary states of the onformal eld
theory, one has to inlude a fermioni boundary degree of freedom a(t) that is related to
the boundary value of the Ising spin. Using this fat, a two-parameter set of integrable









The funtions f and B are xed by the requirement of boundary integrability and super-
symmetry (f. [4℄). We denote the theories obtained by adding L±B to the bulk ation as
BSSG±. The most important property of this ation is that it depends on two ontinuously
varying boundary parameters, exatly as in the ase of the non-supersymmetri boundary
sine-Gordon theory [18℄. This is important for onsisteny with the bootstrap sine the
reetion fators we nd depend on two parameters as well. The boundary Lagrangian (5)
an be obtained as a speial ase of (6) when the parameters are tuned so that f = 0, and
therefore the boundary fermion a deouples.
3.2 The boundary SUSY harge and the Hamiltonian









They have the antiommutation relation
{Q, Q̄} = 2M Z
and satisfy the following relation (among others)
QQ+ Q̄Q̄ = 2H (7)
where H =
∫
h(x, t)dx is the Hamiltonian, Z is the SUSY entral harge and M is the
soliton mass. In a boundary theory with supersymmetri integrable boundary ondition,




(q(x, t)± q̄(x, t)) dx+QB(x = 0, t)
where QB is a boundary ontribution, loalized at x = 0. There are two possible hoies
(±) orresponding to the two possible onformal fermioni boundary onditions in the
ultraviolet limit. As shown in [4℄, these orrespond to the two hoies of sign in (6) and
therefore to BSSG±.
7




h(x, t)dx+HB(x = 0, t)
where HB is the boundary interation. Let us for the moment neglet the ontribution
from the entral harge Z (this is possible e.g. in a setor ontaining only breathers).




h(x, t)dx+ 2H ′B(x = 0, t)








h(x, t)dx+ 2H ′B(x = 0, t)
)
= 0.
In the supersymmetri boundary sine-Gordon theory, this property uniquely determines
H ′B as the boundary interation HB and therefore
Q̃2± = 2H̃






where Z̃ is an appropriate extension of Z to the boundary situation. We shall see that the
two bootstrap solutions we propose orretly reprodue this formula.
4 Boundary sine-Gordon model
4.1 Ground state reetion fators
The most general reetion fator  modulo CDD-type fators  of the soliton antisoliton
multiplet |s, s̄〉 on the ground state boundary, denoted by | 〉, satisfying the boundary
versions of the Yang-Baxter, unitarity and rossing equations was found by Ghoshal and
Zamolodhikov [18℄:
RSG(η, ϑ, u) =
(
P+(η, ϑ, u) Q(η, ϑ, u)




P+0 (η, ϑ, u) Q0(u)
Q0(u) P
−








P±0 (η, ϑ, u) = cos(λu) cos(η) cosh(ϑ)∓ sin(λu) sin(η) sinh(ϑ) ,
Q0(u) = − sin(λu) cos(λu) , (9)
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desribes the boundary ondition dependene. The reetion fators of the breathers an
be obtained by the bulk bootstrap proedure [19℄.
4.2 The general spetrum and the assoiated reetion fators
The spetrum of boundary exited states was determined in [20, 21℄. It an be parametrized







and wk = π −
η
λ
− π(2k − 1)
2λ
.








The reetion fators depend on whih setors we are onsidering. In the even setor, i.e.
when k is even, we have




























































In the odd setor, i.e. when k is odd, the same formulae apply if in the ground state
reetion fators the η ↔ η̄ and s ↔ s̄ hanges are made. The breather setor an be
obtained again by bulk fusion.
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5 Supersymmetri boundary sine-Gordon model
5.1 Ground state reetion fators
5.1.1 The general solution for the reetion fator
Following the bulk ase, we suppose that the reetion matrix fatorizes as
RSUSY (θ)× RSG(θ) .
In this speial form the onstraints as unitarity, boundary Yang-Baxter equation and
rossing-unitarity relation [18℄ an be satised separately for the two fators. Sine the
sine-Gordon part already fullls these requirements, we onentrate on the supersymmetri
part.
From the RSOS nature of the bulk S-matrix (3) it is lear that the boundary must also
have RSOS labels and the adjaeny onditions between the nearest kink and the boundary












































b(−θ)|Bb〉 , b 6= a , a, b = 0, 1 (11)
In the seond proess the label of the boundary state has hanged, whih shows that |B0〉
and |B1〉 form a doublet. All of the onstraints mentioned above fatorize in the sense
that they give independent equations for the reetions on the boundary |B1/2〉 and on the
doublet |B0,1〉. Sine the ground state boundary is expeted to be nondegenerate we rst
onentrate on reetion fators o the singlet boundary |B1/2〉. The most general solution









(θ) = (1− A sinh(θ/2))M(θ)
while unitarity and rossing symmetry give the following restritions





















We suppose that the boundary states |Ba〉 , a = 0, 1 an be obtained by boundary boot-




[22, 7℄. Therefore we do not onsider the Yang-Baxter
equation and the other onstraints for the amplitudes R
1/2
ab (θ) as these will be guaranteed
to be fullled by the bootstrap. We shall see later that in general the boundary states
|Ba〉 , a = 0, 1 ome in multiple opies, eah of whih forms a doublet of states with the
same energy.
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5.1.2 Ation of the boundary supersymmetry harges Q̃±
We need to onstrut the ation of the boundary superharge on the asymptoti states.
We expet that the ation is given by
Q̃± = Q± Q̄ +QB
where Q, Q̄ at on the partiles as in the bulk theory (Setion 2.2)2. The reason for this
is that they are given by integrals of loal (fermioni) densities, and asymptoti partiles
are loalized far away from the wall, so the ation of these harges is not aeted by the
presene of the boundary. QB is the ation of the boundary ontribution, whih we take
to be
QB = γΓ , (12)
where γ is some unknown parameter (related to the energy of the boundary ground state
 see later). The reason for this hoie is that we expet the boundary superharge to
ommute with the bulk S-matrix, whih is symmetri under the ation of Q, Q̄ and Γ by
onstrution[10, 11℄. (12) is also supported by lassial onsiderations in [4℄, showing also
that the lassial version of γ is a funtion of the parameters in the boundary Lagrangian
(6).





Following [7℄, we hoose
Q|B 1
2
〉 = 0 , Q̄|B 1
2
〉 = 0 , Γ|B 1
2
〉 = |B 1
2
〉 . (13)
The rst two relations express that the boundary ground state is supersymmetri, while
the last one shows that it is an eigenvetor of Γ. We expet that beause the ground
state is nondegenerate. The hoie of the eigenvalue (±1) is not important, as it ould be
ompensated by a redenition of γ. It is a onsequene of (8) and (13) that the ground
state energy is γ2/2, whih will be shown later to be onsistent with the ation of Q̃± on
the exited boundary states.
5.1.3 Supersymmetri reetion amplitudes
Now we would like to impose the supersymmetry onstraints on the ground state reetion
amplitudes.
The two hoies Q̃± will give dierent solutions [7, 22℄. If the boundary superharge
Q̃+ ommutes with the reetions (theory BSSG
+

































Note that our harge Q̄ diers by a sign from that used in [7℄, while agrees with the onvention in [11℄.
This is important when omparing our results with those in [7℄.
11
If, however, it is Q̃− that ommutes with the reetions (BSSG
−
























− i sinh θ
2
)
K(θ − iξ)K(iπ − θ − iξ)2−θ/πiP (θ) (15)

















thus in the rst ase (BSSG+) the reetions also ommute with the operator Γ, while in
the other ase (BSSG−) they do not. We remark that there are no poles in the physial
strip in any of the reetion fators above.
In the ase BSSG+, the supersymmetry onstraints do not determine the value of γ
in ontrast to the results of [7, 22℄. The reason is that it is the supersymmetry of the
reetions on |Ba〉 , a = 0, 1 whih onnets γ with a parameter in the reetion matrix
itself. However, we onstrut these reetions by the bootstrap, whih determines them
ompletely, and γ is left as a free parameter. As it was argued above and as will also
be seen later γ is onneted to the vauum energy, so it is not a new parameter of the
theory (in priniple it is expressible in terms of the Lagrangian parameters). The only
independent parameters introdued by the boundary are η and ϑ whih are present in the
bosoni sine-Gordon reetion fators RSG.
5.2 The general spetrum and the assoiated reetion fators
5.2.1 The Γ symmetri ase (BSSG+)






where the SUSY omponent has the form (14). Sine the only poles of these reetion
fators are due to the sine-Gordon part their explanation has to be similar to that in
the bosoni theory. However, we have to supplement the formulae for the bosoni theory
with RSOS indies in a onsistent way. The sine-Gordon reetion fator has boundary
independent poles at inπ
2λ
for n = 1, 2, . . ., whih an be desribed by diagram (a). This
is idential to the non supersymmetri diagram exept that it is deorated with RSOS
indies, whih are displayed inside irles. Clearly the dashed line denotes the full breather



























The boundary dependent poles of RSG are loated at





; n = 0, 1, . . . .





, a = 0, 1






























where the g-fator is the SUSY part of the boundary oupling, oming from the SUSY
omponent of the reetion fator (for denitions of boundary ouplings, see [18℄). The
two states (a = 0, 1) for a given n form a doublet whih realizes the struture (11), that is
the K 1
2
a kinks an satter on it. The ation of the boundary superharge on these states
an be alulated using the oprodut rules in [10, 11℄, taking into aount the ation of
the harges on the boundary ground state:

























The boundary superharge satises












, sine the entral harge of this state is
Z̃ = 1 (we take the ground state |1/2〉 to have Z̃ = 0, while the bulk soliton Ka1/2 has
Z = 1), the ground state has energy γ2/2 by virtue of the relations (12,13) and M cos νn
is the energy that the exited state has relative to the ground state (10).
The SUSY reetion fators of K 1
2
a o |a, 1/2|n〉 an be omputed from the bootstrap



































































Note the appearane of the g fators in the result. They are the SUSY parts of the boundary
ouplings and ome in two types: one orresponds to the absorption of the partile while
reating a higher exited boundary state, the other desribing the emission of the partile
and transition to some lower exited boundary state. The ones above are of the absorption
type. The residues of the full reetion fator are desribed by the produt of an emission
and an absorption type full boundary oupling (for a denition of boundary ouplings and
their relation to the residue of the reetion fator see [18℄). Due to the tensor produt
struture the full boundary oupling is given by the bosoni part multiplied with the SUSY
g-fator, as in the ase of bulk sattering [11℄. The produt of the appropriate emission
and absorption SUSY g-fators is onstrained to oinide with the value of the SUSY part
of the reetion fator at the position of the pole in the bosoni fator. It an be seen in
general that this does not give enough onstraints to determine their value unambiguously
due to the degeneray introdued by the RSOS indies a, b, and as no physial quantity




disussed above) we do not present any solution for them.
Being onstruted by the bootstrap, the reetion fators (20) neessarily satisfy the
onstraints of boundary fatorization and rossing-unitarity; in addition, they ommute
with Q̃+ whih is guaranteed by the fat that the ation of the boundary superharge
is also derived from the bootstrap as in (18). The full reetion fator on the |a, 1/2|n〉





ab (θ)×Q|n〉 (η, ϑ, θ) or R
1
2
ab (θ)× P±|n〉 (η, ϑ, θ) . (21)
Clearly (20) has neither pole nor zero in the physial strip. So the poles of the reetion
fators on the rst exited wall (21) are exatly the same as in the non supersymmetri

























(e) ν type poles
The deoration of the non supersymmetri diagrams shows, that diagram (e) explains
the ν type of poles, while diagram (d) explains the w type, but only for wm > νn. For




















| 12 ,a, 12 |m,n〉
K 1
2
a (i wm) |a, 1/2|n〉 ,
so this is also a doublet, but now it is the Ka 1
2
type kinks that are able to reet on it. It




holds for these states as well,
onsistently with the previous interpretation of γ (for these states Z̃ = 0).










are physially dierent or there is a possibility for some identiation so
that a single state an explain the pole in the reetion matrix (21). This an be deided
by examining whether one an desribe the residue of the reetion fator with a single









nents of the reetion fator at the pole. This relation is violated (for generi values of the
parameters) and so one must really introdue the two states above.
Following the same analysis we performed in [21℄, but now using a deorated version of
the Coleman-Thun diagrams it an be seen that the poles in the reetion matrix on the
above boundary exited state, whih an not be explained by Coleman-Thun diagrams are
























have a fourfold degeneray.
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mk, nk . . . , m1, n1
〉
(22)
From this we see that in the supersymmetri ase the boundary exited states have a
nontrivial degeneray in ontrast to the bosoni theory. The degeneray is labeled by
RSOS sequenes starting from 1/2 . In both states in (22) the labels ai an freely take
the values 0 and 1, and, as a result, the degeneray of the states is 2k. The assoiated
reetion fators an be omputed from suessive appliation of the bootstrap proedure,
























The result depends on the Z̃ harge of the sattering partiles. In the Z̃ = 0 ase the




| bk... 12 ,b1, 12 |nk...,m1,n1〉











(wmi , νni+1, θ) (23)
where fa1a2b1b2 (wm1 , νn2 , θ) is the ontribution of the dotted square summing over x1 = 0, 1
that is









































Colleting the ommon fators we have
























(wm1 , νn2, θ)
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where





































In the Z̃ = 1 ase, whih is indiated with dotted lines on the diagram, the result ontains
an extra fator
Rxk(θ)
| 12 ,bk... 12 ,b1, 12 |mk ...,m1,n1〉






| bk... 12 ,b1, 12 |nk...,m1,n1〉
|ak... 12 ,a1, 12 |nk...,m1,n1〉 (24)
where



























5.2.2 The Γ non symmetri (BSSG−) ase
The disussion of the Γ non symmetri (BSSG−) solution runs entirely parallel to the
previous Γ symmetri ase, the only dierene being that in the input of the bootstrap










(θ), a = 0, 1, are taken now from (15). These fators
depend expliitly on γ, and this dependene pertains in the (SUSY) reetion amplitudes
on exited boundaries. Nevertheless, sine none of these amplitudes has a pole in the phys-
ial strip, following the steps of the previous onsiderations leads to the same onlusion
regarding the indexing and degeneraies of the boundary states. Therefore we onentrate
here mainly on the dierenes between the two solutions.
At the position of the νn poles in the ground state reetion amplitude we again as-




a = 0, 1 as in (17) (though of ourse the
present values of boundary ouplings may dier from the previous ones). The ation of
the present boundary superharge, Q̃−, on these states is


















The ation of Q̃2− on these states is ompatible with the relation Q̃
2
− = 2(H̃ − MZ̃),
provided we keep the interpretation of γ2/2 as the ground state energy.
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Using the SUSY fators eqn. (15) in the bootstrap equation (19) for the reetions of
the K 1
2







































where ξ is expressed in terms of γ in eqn. (16), and
Z−(θ) = P (θ)K(θ + iξ)K(θ − iξ)K(θ + iνn)K(θ − iνn).
Although this reetion amplitude has a slightly more ompliated form than the one in
eqn. (20), it also solves the boundary Yang-Baxter equation and the other onstraints by
onstrution. The dierene between the two omes from the fat that (20) ommutes with
Q̃+, while the present reetion fator is invariant under Q̃−.
Finally we point out that the expressions (23,24) for the kink reetion amplitudes on
the general higher exited boundary states remain valid in the ase BSSG− as well, if the
ground state reetion fator (14) is replaed by (15).
6 Breather reetion fators
The breathers have vertex type sattering matries in ontrast to the RSOS type ones of
the kinks. These sattering matries enter into the equations determining the reetion
fators of the breathers, nevertheless there is no need for their expliit form as the breather
reetion fators on the various boundaries an be obtained from that of the soliton kinks by
using the (bulk) fusion and the bootstrap [19℄; the proedure is summarized shematially
on diagram (f).
If two bulk kinks form a bound state at a rapidity dierene iρ (0 < ρ < π) the bound
state is identied with a supermultiplet (φ, ψ) of mass 2M cos(ρ/2). (In ase of the kth
breather ρ = ρk = π − kπλ ). The fusing oeients of these proesses are dened via [11℄:
|Kab(θ + iρ/2)Kbc(θ − iρ/2)〉 = fφabc|φ(θ)〉+ fψabc|ψ(θ)〉
































































To desribe the ground state reetion amplitudes of the bosoni (φ) and fermioni (ψ)











0(θ + iρ/2)K0 1
2
(θ − iρ/2) +K 1
2

















0(θ + iρ/2)K0 1
2
(θ − iρ/2)−K 1
2







These expressions show that they also provide an ordinary doublet representation of the
boundary superharge Q̃± and that the fermioni parity Γ at on them in the standard
way. The atual reetion fators are obtained from the bootstrap equation on diagram
(f), where the dashed lines represent either φ or ψ. The bosoni and fermioni reetion
fators are qualitatively dierent in the Γ symmetri and Γ non symmetri ases, sine








ground state kink reetion
amplitudes, and these are signiantly dierent in the two ases. Writing the breather


















in the Γ symmetri (BSSG+) ase one obtains

















Z(θ) = P (θ + iρ/2)P (θ − iρ/2)
√
2K(2θ)2−θ/iπ ,
while in the Γ non symmetri (BSSG−) ase we get














































Z̃(θ) = K(2θ)2−θ/iπF (θ − iρ/2)F (θ + iρ/2), F (θ) = P (θ)K(θ + iξ)K(θ − iξ) .
The two ases are indeed qualitatively dierent: in the BSSG+ solution the onservation
of fermioni parity forbids the φ → ψ reetion on the ground state boundary, while in
the BSSG− solution this reetion is possible. The form of the BSSG+ solution is the
same as the one obtained in [24℄ by imposing fermion number onservation. The strutural
form of the reetion fators in the ase BSSG− are idential to the ones obtained in [23℄
from the eight vertex free fermion model with boundary. In [4℄ it was proposed that γ,
whih appears expliitly in the reetion matrix, ould be xed in terms of η and ϑ by
the boundary bootstrap. Here we see that this is not the ase, as the bootstrap gives no
onstraint for γ, due to degeneraies appearing in the boundary exited states. We reall
however that γ is not a free parameter, as it is determined by the ground state boundary
energy (or equivalently, by the boundary superharge), thus it an be expressed in terms
of the Lagrangian parameters in priniple.
A more expliit desription of the reetion fator of the rst breather on the ground
state boundary in the BSSG− ase was given in boundary sinh-Gordon model studied in
[6℄, but the preise onnetion between the parameters used in that paper and the present
one is yet to be determined.






+ (k − 2l − 1) π
2λ





















l, k − l
〉
as intermediate states in the breather reetion proess. Sine there are two intermediate
states (a = 0, 1), the determinant of the 2 × 2 reetion matrix should not vanish at the
position of these poles (as the residue of the reetion matrix at the pole is proportional
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to the projetor on the subspae of on-shell intermediate states). It is straightforward to
verify that this is indeed the ase for both the BSSG+ and the BSSG− solutions.
Using the bootstrap proedure it is also possible to obtain the breather reetion fators
on exited boundaries. If the RSOS sequene haraterizing the boundary state ends with





































n1, . . .
〉
in the bootstrap proedure. To emphasize that even in the BSSG+ ase there are φ → ψ
type reetions on exited boundaries we give here the reetion matrix of breathers on the
|a1/2|n〉 states. In the basis of |φ(θ)0, 1/2|n〉, |φ(θ)1, 1/2|n〉, |ψ(θ)0, 1/2|n〉 |ψ(θ)1, 1/2|n〉






C+ 0 0 −D/r
0 C+ rD 0
0 D/r C− 0












































It is easy to show that in spite of the non trivial boson fermion reetion the operator Γ
ommutes with this reetion matrix.
A nontrivial hek on the onsisteny of the bootstrap solution an be obtained by
onsidering the pole struture of the full reetion amplitude ontaining the SUSY fator
(25). The bosoni reetion fator of B
k
on the bosoni boundary exited state |n〉 has a






(k + 2n+ 1) [21℄. In the supersymmetri ase, this means that a















enters as an on-shell intermediate state in the sattering of B
k
on |a, 1/2|n〉. However, due
to the doublet (boson/fermion) struture of the breather naively one would expet 4 states
to explain the residue of the 4 × 4 reetion fator. In the onjetured spetrum, on the
other hand, the only possible proess goes via (26) and it allows for only two intermediate
states (a = 0, 1). Therefore one expets that the determinant of the matrix (25) should
have a double zero there. It an be veried by diret alulation that this double zero is
indeed there without imposing any restrition on the parameters.
In the reetion of the kth breather on the nth exited boundary, there is another family




(k − 2l + 1) , l = 0, . . . , n − 1 [21℄ that in the supersymmetri



















At these poles, the number of intermediate states is 4 (a, b = 0, 1) and so we expet that
the determinant of the SUSY fator does not vanish, whih indeed turns out to be the ase.
7 Conlusions
To start we summarize the results of this paper. We onsidered the boundary sattering
amplitudes in boundary supersymmetri sine-Gordon theory (BSSG). Imposing the on-
straint of supersymmetry on solutions of the boundary Yang-Baxter equation, we found
two onsistent sets of amplitudes that desribe the reetion of solitons o the boundary
in its ground state. Then we onsidered the two bootstrap systems built from these funda-
mental amplitudes and onjetured the losure of this bootstrap , i.e. the set of boundary
states and the reetion fators on them. We also derived a relation between the boundary
superharge and the Hamiltonian and heked that this relation holds for the bootstrap
solutions.
Although the reetion amplitudes are dierent, the spetrum of states is the same in
the two bootstrap solutions. This ommon spetrum is haraterized partly by a sequene
of integers, just like in the ase of the ordinary sine-Gordon model [21℄, but also by an
RSOS sequene of length k+1 (if the length of the integer sequene is k) starting from 1/2.
The energy of the state depends only on the integer labels, the dierent RSOS sequenes
orrespond to degenerate states. It is interesting to note that the non supersymmetri
boundary spetrum allows for a tensor produt type supersymmetrization, and no further
onstraints are obtained in aord with the bulk ase [11℄.
In the ase of the BSSG+ theory, the reetion amplitudes depend on two parameters η
and ϑ, that are inherited from the bosoni reetion fators and were originally introdued
in [18℄. In the bosoni ase it is known how these parameters are related to the parameters
of the boundary Lagrangian in the perturbed CFT formalism [25℄. Besides that, the SUSY
algebra introdues a further parameter γ, whih is related to the energy of the boundary
ground state and so must be a funtion of the parameters of the BSSG Lagrangian. In
the BSSG− theory the dierene is that γ appears also in the expression for the reetion
fators themselves. In the bosoni ase the expression for the boundary energy in terms
of Lagrangian parameters is also known [25℄. The existene of two dierent families of
solutions and the number of parameters are in aordane with the expetations that
they desribe the sattering in the Lagrangian theories orresponding to the boundary
interation (6) [4℄.
It is a very interesting and important issue to onnet the bootstrap parameters η, θ
and the vauum energy parameter γ to the parameters of the Lagrangian desription for
the supersymmetri ase as well. In the ase of the non supersymmetri boundary sine-
Gordon theory this was ahieved by onsidering it as a ombined bulk and boundary
perturbation of a c = 1 free massless boson with Neumann boundary ondition. However,
even the interpretation of the bulk SSG theory as a perturbed CFT is nontrivial, and we
are investigating this problem. We are also working on getting more evidene to link the
bulk S matrix and the reetion fators to the Lagrangian theory. Work is in progress in
22
these diretions and we hope to report on the results in the very near future.
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